Abstract. Assume M is a compact oriented manifold of dimension at least 8. Moreover, let M be equipped with an equivariantly formal semi-free circle action, which has finite, nonempty fixed point set. We prove M has a perfect invariant MorseSmale function. The major ingredient in the proof is a new cancellation theorem for the invariant Morse theory.
Introduction.
A lot of results in symplectic geometry are concerned with topological properties of manifolds with Hamiltonian group actions. One of the first such results is the Kirwan injectivity theorem (see [4] ), which states that every compact manifold M with Hamiltonian group G action is equivariantly formal, i.e. the map H *
It turns out that equivariant formality is often the proper topological equivalent of Hamiltonian group action. More precisely, to prove certain topological properties of manifolds with Hamiltonian group actions, it is enough to assume equivariant formality. One such case has been studied in [5] , where certain generalizations of localization theorems in symplectic geometry have been proved, another case is discussed in this paper.
One of the main tools in proving topological results in symplectic geometry is Morse theory. It turns out that Morse functions which arise from moment maps of Hamiltonian group actions are equivariantly perfect (see [1] ) and hence provide a lot of information about topology of symplectic manifold.
So, one of the questions we try to answer is whether equivariantly formal manifolds have perfect Morse functions. An affirmative answer is given in the case of semi-free circle action. In the upcoming paper [6] we will study the consequence of the existence of perfect Morse functions on equivariantly formal spaces. The main result of this paper is the following theorem. Theorem 1.1. Assume M is a compact oriented manifold with equivariantly formal semi-free circle action, which has finite, nonempty fixed point set. Moreover, assume dim M ≥ 8. Then there exist a perfect invariant Morse-Smale function on M . Remark 1.2. This paper grew out of an attempt to generalize results of A. Hattori [3] and S. Tolman and J. Weitsman [9] about semi-free circle actions on symplectic manifolds. S. Tolman and J. Weitsman showed that every compact symplectic manifold M 2n with a semi-free circle action, which has finite nonempty fixed point set, has the equivariant cohomology identical with the equivariant cohomology of the product of projective spaces (CP 1 ) n .
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The proof of Theorem 1.1 is based on the ideas similar to the ideas used in the proof of h-cobordism theorem. The major ingredient in the proof is the new cancellation theorem (Theorems 2.3), which is in the spirit of the cancellation theorems in the classical Morse theory. Our cancellation theorem supplies the tools for eliminating extra critical circles of invariant Morse functions.
An illustration to this theorem is provided in Figure 1 , where the critical circle of index 1 is cancelled by increasing the index of the critical point from 0 to 2. The action on the circle on both pictures in Figure 1 is given by rotating around the vertical axis, while the Morse function is given by the projection onto the vertical axis. In the first picture there are a critical point p of index 0 and a critical circle s of index 1, while in the second picture s is eliminated by increasing the index of p to 2. The paper is organized as follows. In Section 2 we provide basic definitions and notations, and state the main results of the paper. Section 3 contains the proof of the existence of Morse-Smale functions on equivariantly formal spaces with semi-free circle action (Theorem 2.2). Section 4 provides the proof of cancellation theorem (Theorem 2.3). The connections between invariant Morse theory and equivariant cohomology are discussed in Section 5. Finally, the last section is concerned with the proof of Theorem 1.1, which boils down to using cancellation theorem to eliminate all critical circles.
Let us make a few comments about the presentation of our results. Some statements proved in this paper (especially in Sections 3 and 5) are known to the experts and probably appeared in other publications. Morse theory is a vast subject and we can not mention all the contributors and refer to all the known results. So to make our presentation more comprehensible, we decided to use mainly one source (the book of J. Milnor [7] ) for citations. Moreover, to shorten the presentation, we often refer the reader to certain arguments in [7] and indicate the changes, which need to be made in these arguments to modify them to the form we need.
Definitions and Main Results.
A smooth action of a circle S 1 on a manifold M is called semi-free if the action of S
is the set of fixed points. In this paper we will always assume that the action of S 1 on M is semi-free. An important property of semi-free actions is that around every isolated fixed point p, there exist an open neighborhood U of p and an invariant diffeomorphism φ between U and an invariant open subset of C n , where the action of S 1 on C n is given by the weight (1, . . . , 1). We call (U, φ) a standard chart at p. Throughout the paper we will use both complex coordinates (z 1 , . . . , z 2n ) and real coordinates (
2n → R be a smooth invariant function. The set of critical points of f consists of orbits of the action. Since we are only considering semi-free circle actions, there are two types of orbits: the fixed points and the circles on which S 1 acts freely. (Notice that, every isolated critical point must be critical.)
A critical point p ∈ M S 1 is nondegenerate if the Hessian of f at p is nondegenerate.
An invariant version of Morse lemma says that for every nondegenerate fixed point there exists a standard chart (U, φ) at p, so that on U
The standard chart (U, φ) will be called a standard chard of f at p. We say that the index σ(p) of p is equal to 2λ. Let s be a critical circle of f . Choose an invariant neighborhoodŨ of s on which S 1 acts freely and let π be the mapŨ →Ũ /S 1 . Then s is nondegenerate if the Hessian of π * (f ) is nondegenerate at s/S 1 . In this case Morse lemma states that there exist an invariant neighborhood U ⊂Ũ of s and coordinates (x 1 , ..., x 2n−1 ) on U/S 1 , such that
2n−1 ). We will say that U together with the coordinates x 1 , . . . , x 2n−1 is a standard chart of f at s. The index σ(s) of s is defined to be λ.
Denote by Crit(f ) the set of critical points of f and by Crit c (f ) the set of connected components of Crit(f ). An invariant function f : M → R is an invariant Morse function, if each connected component of the set of critical points is either a nondegenerate critical point, or a nondegenerate critical circle.
Assume f is a Morse function on M , an invariant vector field ξ on M is a gradient-like vector field if
for every nondegenerate critical point p, there exists a standard chart (U, φ) of f at p, such that ξ on U has coordinates (x 1 , y 1 , . . . , x λ , y λ , −x λ+1 , −y λ+1 , . . . , −x n , −y n ).
3. for every nondegenerate critical circle s there exist a standard chart of f at s, such that the push forward vector field π * (ξ) on U/S 1 has coordinates (x 1 , . . . , x λ , −x λ+1 , . . . , −x 2n−1 ).
Remark 2.1. Usually, the vector field ξ is given as −grad(g) for certain riemmanian metric g. We decided to omit the riemmanian metric, since we never use it in this paper. Moreover, we mainly refer to theorems proved in [7] , where g is also not used.
Every gradient-like vector field ξ defines a smooth flow
The manifold W The next step on the way to our main result is the cancellation theorem. Before we state it, let us introduce some notations.
For a subset I of R and a submanifold N of M , define N I (f ) = f −1 (I)∩N . Whenever no confusion may arise, we will drop f from the notation and write 
Then there exist a new invariant Morse function f ′ and a new gradient-like vector field ξ ′ identical to (f, ξ) outside M (a,b) such that M (a,b) contains only one critical point of index λ + 2 and no critical circles.
We say that the space M with a circle action is equivariantly formal, if the map At this point all the definitions needed to state Theorem 1.1 are given.
Existence of invariant Morse-Smale functions
We believe, the results of this section are known to the experts in the field (see [2] for further references). We provide the proofs of these results for completeness. 
1 is compact and ∂X = (∂Ū )/S 1 . By Theorem 2.5 from [7] , there exist a Morse function h : (X, ∂X) → ([1, ∞), 1). Denote by π the projection
Then f is smooth outside of ∂Ū . We will use the following smoothing argument to finish the construction. Choose an invariant tubular neighborhood V of ∂Ū , which could be identified with (−ε, ε) × ∂Ū.
Moreover, without loss of generality, we can assume
Let µ(t) be a smooth positive nondecreasing function, with µ(t) = 0, for t ≤ −ε; µ(t) = 1 for t ≥ ε; and µ(t) = 1 2 for |t| < ε/2. Change f to µf
Then f is smooth on M and it just remains to show it has no critical points on V . But it is easy to see that ∂f ∂t > 0 on V , which proves the theorem.
Remark 3.2. There are simpler and shorter proofs of this theorem. We've chosen this particular way of proving it, since the smoothing argument used at the end of the proof will be used again in the paper.
Every invariant Morse function together with an invariant gradient-like vector field on a manifold with isolated fixed points defines a partial order on Crit c (f ) as follows.
. Complete this relation to satisfy transitivity and hence define a partial order on Crit c (f ). A map c : Crit c (f ) → R is said to be order preserving, if q 1 ≺ q 2 implies c(q 1 ) < c(q 2 ). Theorem 3.3. Assume the circle action on M is semi-free and has isolated fixed points. Let f be a Morse function and ξ be its gradient-like vector field on M , then every order preserving map on Crit c (f ) can be extended to an invariant Morse function.
Proof. Throughout this proof ξ will be fixed, so that the partial order ≺ never changes. At the same time we will change f to guarantee the restriction of f to Crit(f ) is the chosen order preserving map.
First of all notice that for every q ∈ Crit c (f ), we can construct a new invariant Morse function g, such that g = f outside a small invariant neighborhood U of q; g(q) = f (q)+ε, for some small enough ε; and ξ is still an invariant gradient-like vector field for g. This can be achieved by setting f = g + ρ, where ρ is an invariant "bump" function, such that
Then it is clear that the theorem follows from the following statement. Assume, there are two critical values of an invariant Morse function f in the interval (a, b), such that one critical level contains {q 1 , . . . , q k } ⊂ Crit c (f ) and the other contains {r 1 , . . . , r m } ⊂ Crit c (f ). Moreover assume non of the q i 's are compatible with r j 's in the partial order ≺, in other words, stable and unstable manifolds of q i 's and r j 's never intersect. Then for any a 1 , a 2 ∈ (a, b), there exists a new invariant Morse function g, such that ξ is an invariant gradient-like vector field of g; f = g outside M [a,b] ; the set of critical points of g is the same as the set of critical points of f and g(q i ) = a 1 , g(r j ) = a 2 .
If we drop the word "invariant" from the above statement, it will coincide with Theorem 4.2 of [7] . At the same time, a proof of the above statement is provided by making a few minor changes in the proof of Theorem 4.2 of [7] , mainly by inserting where necessary the word "invariant".
Let S
1 act on two manifold M and N . Then an invariant isotopy between two invariant
) and every h t , defined by h t (x) = h(x, t), is an invariant diffeomorphism. We say that h is an isotopy of identity if M = N and h 0 is an identity map.
Before we can prove the existence of invariant Morse-Smale functions, we need the following lemma. 
, this lemma follows immediately from Lemma 4.7 of [7] . Indeed, we can use Lemma 4.7 of [7] to construct a gradient-like vector filed on M [a,b] /S 1 and then lift it to an invariant gradient-like vector field on M [a,b] .
Otherwise, the proof of Lemma 4.7 of [7] can be modified with a few minor changes (mostly by inserting the word "invariant" where necessary) to a proof of the lemma.
Proof of Theorem 2.2. Using Theorem 3.1 choose an invariant Morse function f on M . Pick any invariant riemmanian metric on M , let ν = −grad(f ). Using canonical charts U i of f around every critical point or circle, we can define a vector field µ, which is a gradient-like vector field on ∪U i . Let ρ be a positive function, which is zero outside of U and is equal to one around every critical point or circle. Then ξ = ρµ + (1 − ρ)ν is a gradient-like vector field.
By Theorem 3.3, we can assume that every critical level of f contains exactly one critical point or one critical circle. Let c 1 < · · · < c k be the critical values of f and q 1 , . . . , q k ∈ Crit c (f ) with f (q i ) = c i . By induction on i we will prove that we can construct an invariant gradient-like vector field ξ of f , such that every W − qj intersects transversely with every stable manifold for any j ≤ i.
The base of the induction is trivial for i = 1. Assume our induction statement holds for i − 1. We will perturb ξ on the preimage of (c i−1 , c i ) to guarantee that W − qi intersects transversely with all the stable manifolds. This will be enough to prove the theorem, since we will not change ξ below the level c i−1 .
Choose a with c i−1 < a < c i . There exists an invariant tubular neighborhood
If q i is a nondegenerate critical circle, then V can be chosen to be an S 1 -trivial bundle, that is U is invariantly diffeomorphic to W − qi,a × R k , with S 1 acting only on the first component. Let P : U → R k be the natural projection. Let Y j be the set of critical values of P restricted to W + qj ,a ∩ U , and set
qi,a × v, and h t is the identity outside some compact neighborhood K ⊂ U of W − qi,a . Extend this isotopy to M a by setting it to the identity outside of U . Then we can apply Lemma 3.4 and perturb the gradient-vector field ξ to guarantee that the induction assumption is satisfied.
If q i is a nondegenerate critical point, then π : 
and, in particular, each V ℓ is invariantly diffeomorphic to W ℓ × R k with S 1 acting only on the first factor.
Let
We can continue this process to construct invariant isotopies of identity h Remark 3.6. In general, it is not true that a compact manifold with a circle action has a n invariant Morse-Smale function. It is not difficult to find a counterexample among compact four dimensional toric varieties.
Cancellation Theorems.
The following example is an illustration to the cancellation theorems.
Example 4.1. Let S 1 act on R 2 = C with the weight 1. Consider the function f (x, y) = v(|z|), where v(r) is a real valued function, which is equal to r 2 near zero, strictly increases as r increases from 0 to 1, equals to 2r − r 2 near 1 and strictly decreases as r goes from 1 to infinity. Then f is an invariant Morse function with a critical point at the origin of index 0 and a critical circle at the unit circle of index 1. An invariant gradient-like vector field is given by (xρ(|z|), yρ(|z|)) at the point (x, y), such that ρ(r) = −1, near 0; ρ(r) < 0, when 0 < r < 1; ρ > 0 when r > 1 and ρ = 1−r r near 1. We can then cancel the critical circle and increase the index of the origin to 2 by changing f to 2 − x 2 − y 2 and changing the gradient-like vector field to (x, y). See Figure 1 . M (a,b) .
Proof. Let S 1 act on C n with the weight (1, . . . , 1). Define
where v is the function from Example 4.1. Moreover, let η be a vector field given by
where ρ is the function from the Example 4.1. Denote byp the origin of C n and bys the unit circle inside C × 0 × · · · × 0.
Claim. There exist an invariant diffeomorphism g, which maps an invariant neighborhood V of the disc D = {(z 1 , 0, . . . , 0)||z 1 | ≤ 1} onto an invariant neighborhood U of T with g * (f ) = h and g * (η) = ξ.
Proof of the claim. It is clear there exist diffeomorphisms g p and g s from neighborhoods Vp ofp and Vs ofs onto neighborhoods U p of p and U s of s, which take D onto T . Let ε be small enough so that f (p) + ε < f (s) − ε. Then set g equal to g p and to g s outside M [f (p)+ε,f (s)−ε] . By following the trajectories of ξ and η, we can also extend g to D.
Let Lp = Vp ,f (p)+ε (by our convention Vp ,f (p)+ε = Vp ∩ h −1 (f (p) + ε)) and Ls = Vs ,f (s)−ε . Also denote by Dp = D f (p)+ε and Ds = D f (s)−ε . Then, by following the trajectories of η we can define an invariant diffeomorphism j 1 from a neighborhood Ws of Ds inside Ls onto a neighborhood Wp of Dp inside Lp. On the other hand, by applying g s , then following the trajectories of ξ and then applying g and hence a lift ofψ t to an invariant isotopy ψ t , which intertwines j 1 and j 2 on W . Since ψ t is identity outside some compact set we can extend the isotopy g p (ψ t ) to the whole M f (p)+ε .
Then use Lemma 3.4 to perturb ξ on M [f (p)+ε,f (s)−ε] to guarantee that j 1 = j 2 for the newly constructed gradient-vector field. The claim is proved, as we can extend g to an open neighborhood of D by following the trajectories of ξ and η. 2 The next step in the proof is to change ξ to ξ ′ inside U to guarantee that we have just one critical point of ξ ′ inside M [a,b] . By argument identical to the proof of Assertion 1 in the proof of Theorem 5.4 in [7] , there exists an invariant neighborhood U ′′ of T inside an invariant neighborhood U ′ of T withŪ ′ ⊂ U , such that no trajectory of ξ enters U ′′ then exits U ′ and then returns to U ′′ . Change ξ to ξ ′ , such that ξ = ξ ′ outside of U ′′ , while inside U
Moreover, v 1 and v 2 are chosen such that ξ ′ = ξ outside a compact neighborhood of T inside U ′′ . Clearly, ξ ′ has only one critical point, which is p.
Let us show that there is no trajectory ψ(t, x) of ξ ′ , which lies completely inside U ′ . Let x = g(x • n is not zero, then this coordinate of ψ(t, x) must increase or decrease exponentially and hence this trajectory eventually exits U ′ either as t increases or decreases. Otherwise, if only x 1 or y 1 are not zero, then again the trajectory will exit U ′ as t increases, since ξ ′ (x 1 , y 1 , 0, . . . , 0) = c(x 1 , y 1 , 0, . . . , 0) for some positive c.
Moreover ξ ′ has no periodic trajectories and every trajectory is either inside W 
Let µ be an invariant function on M a which is equal to 0 outside M a ∩ V − , and equal to 1 in a neighborhood of M a ∩ W − p . By following the trajectories of ξ ′ we get a map 
Let s 1 , s 2 ∈ N ∩ N ′ be circles with opposite intersection numbers such that there exist two invariant imbeddings of S 1 × [0, 1] into N and into N ′ which connect s 1 to s 2 , such that both imbeddings miss N ∩ N ′ − {s 1 , s 2 }. The composition of two imbeddings provides us with a map of S 1 × S 1 into V and we assume S 1 × S 1 is invariantly contractible to a circle inside V .
With these assumptions there exists an invariant isotopy of identity h t on V , such that h t is identity near
Proof. We deliberately stated this theorem in the form very similar to Theorem 6.6 of [7] . Actually, Theorem 6.6, applied to manifolds V /S 1 , N/S 1 and N ′ /S 1 , provides us with an isotopyh t of V /S 1 , which is identity near
So, it is enough to show that h t can be lifted to an invariant isotopy h t on V .
Careful examination of the proof of Theorem 6.6 in [7] shows that the constructed isotopyh t is identity outside some contractible open set U in V . (If D is the disc in V /S 1 , whose boundary consists of two arcs connecting
1 we set h t to be equal to identity outside of π −1 (U ) and choosing an invariant trivialization π −1 (U ) = U × S 1 allows us to lifth t to h t on U . 
1 is homotopy equivalent to an even sphere bundle over a complex projective space. Hence, van Kampen's theorem applied to the covering of M a /S 1 by
Proof of Theorem 2.3. Taking into account that λ is always even, there are five cases, which need to be handled separately:
is just one circle hence Theorem 4.2 applies. Case 2: λ = dim M − 2. Then N is just a circle and Theorem 4.2 immediately applies.
′ is a single circle. Then we can apply Lemma 3.4 to find new (f ′ , ξ ′ ) for which W + p intersect W − s along a single disc. Finally we apply the preliminary cancellation theorem to arrive to the required result.
Case 4: 
1 is simply-connected , M a is connected. Here we will interchange the roles of N and N ′ in Theorem 4.3. Namely, we will set r + 1 = dim N ′ = 3 and s + 1 = dim N = dim M − 3. Then r = 2, r + s ≥ 5 and s ≥ 3, so to apply Theorem 4.3 and the preliminary cancellation theorem as in Case 3, it is enough to check
, which immediately follows from Lemma 4.4.
Equivariant Cohomology and Morse Theory.
In this section we talk about basic properties of equivariant cohomology and connections to Morse theory.
Let ES 1 be a contractible space on which S 1 acts freely. (ES 1 can be chosen to be the infinite dimensional sphere S ∞ .) The equivariant cohomology is defined by H *
. Throughout the paper we will only use cohomology with integer coefficients and write H *
The equivariant cohomology of a point with a trivial circle action is equal to the cohomology of the space 
We need to understand this exact sequence (especially the map δ) better in certain special cases. Let us start with describing the cohomology H equivariant Morse theory (see [1] ) we know that
where D λ is the unit disc inside C λ 2 on which S 1 acts with the weight (1, . . . , 1), and
. We will call τ p a Thom class of p. Notice that τ p defines an orientation on W 
which is the boundary map of the exact sequence of the triple
Proof. Use excision to identify
is an isomorphism in degree λ. Moreover, by Poincare duality
Since S 1 acts freely on M [c,b] we have
Applying Poincare duality we have
Thus we will view δ as a map
This map has a geometric interpretation. The generator of Proof. Let us forget for a moment about the circle acting on our manifold, and try to prove our theorem for the regular cohomology groups. Then using excision and Poincare duality we can identify
Moreover, the Thom classes of the fixed point p i are given by the cycles W + pi, [a,b] . Then the translation of our theorem into a statement about a basis in homology leads to a statement identical to Theorem 7.6 of [7] . In particular, there exists a Morse-Smale function (f ,ξ) on M , which coincides with (f, ξ) outside M [a,b] and the Thom classes (in regular cohomology) of p i 's are exactly κ(τ i )'s Notice that the map κ identifies
can be chosen invariant with respect to the circle action, the theorem is proved.
Without loss of generality we may assume (f ,ξ) coincides with (f, ξ) in a neighborhood of every fixed point, this follows from examination of the proof of Theorem 7.6 of [7] .
Let us average (f ,ξ) with respect to the circle action to produce invariant function f ′ and invariant vector field ξ ′ . Then (f ′ , ξ ′ ) is identical to (f, ξ) outside of M [a,b] and in neighborhoods of the fixed points {p 1 , . . . , p k }. Moreover, it is obvious that ξ
′ is an invariant Morse function and ξ ′ is its invariant gradient-like vector field. Moreover κ(τ pi ) are the same as for (f ,ξ). Hence the Thom classes τ pi form the required basis.
Finally, to make (f ′ , ξ ′ ) into an invariant Morse-Smale function we need to apply Theorem 2.2 and perturb ξ ′ without changing the Thom classes τ pi .
Equivariantly formal spaces have perfect Morse-Smale functions.
This section is devoted to the proof of Theorem 1.1. Before we give the proof , we need to describe a property of equivariantly formal spaces, which will be used in the proof. Proof of Theorem 1.1.
Step 1. The first step in the proof is to construct an invariant Morse-Smale function on M , which has all critical points of index zero and all critical circles of odd index. Use the notations from Lemma 6.1. Then Lemma 6.1 and Theorem 6.5 of [8] imply that there exists a perfect Morse functioñ
which has critical point of only odd index. Liftf to f on M − U , so that all critical circles of f are of odd index. Then, as in the proof of Theorem 3.1 we can extend f to M by setting f = φ * i (|z| 2 ) on U i and smoothing it along ∂U . By Theorem 3.5 there exists an invariant gradine-like vector field ξ, such that (f, ξ) is an invariant Morse-Smale function. By Theorem 3.3 we can assume f is self indexing, that is f (M S 1 ) = 0 and f (s) = σ(s) for every critical circle s.
Step 2. Set a i = 2i + 0.5. The second step in the proof is to show that H * S 1 (M ≤ai ) vanishes in odd dimensions. To prove it, first of all notice that H * Step 3. Let us show we can cancel all critical circles of index 1. We will construct a self-indexing Morse-Smale function on M , which has critical points of indexes 0 and 2 and critical circles of odd indexes different from 1.
Notice that M a0 = ∪W + pi,a0 , in other words M a0 is a union of spheres. Take a critical circle s of index 1 then W − s,a0 is a union of two circles. Obviously, these two circles cannot lie in a single sphere W + pi,a0 (otherwise, H * S 1 (M ≤a1 ) would not vanish in degree 1). So, the two circles lie in two different spheres. Let W + pi 1 ,a0 be one of them. Then by Theorem 4 or 6, Step 1 of the above proof fails, since Theorem 6.5 of [8] cannot be applied. If dim M = 2, it is easy to see M must be a sphere.
